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Abst ract - -Cons ider  the difference quation xn+l - xn + pnXn-k = 0, where {Pn} is a sequence 
of nonnegative real numbers and k is a positiv@ integer. It is proved that all solutions oscillate if 
there exists some positive integer l such that 
or 
l imsup Pn-i -~ Pn-iTj Jr E Pn-jk-i > 1 
n~oo i=0 i=0 j=l  m=0 i=1 j=0 
(~_~ k k /-1 k vnT1 / 
l imsup Pn-i+ ~ EPn- i+ j+ E E 1-I Pn-jk-, 
n--~oo i=1 i=1 j=l  m=0 i=1 j=0 
(~) 2000 Elsevier Science Ltd. All rights reserved. 
>1.  
Keywords - -Osc i l l a t ion ,  Nonoscillation, Difference quation. 
1. INTRODUCTION 
The problem of establishing sufficient conditions for the oscillation of all solutions of the difference 
equation 
xn+l - xn +pnXn-k = 0, n = 0 ,1 ,2 , . . . ,  (1) 
where {Pn} is a sequence of nonnegative real numbers and k is a positive integer, has been the 
subject of many recent investigations. See, for example, [1-10] and the references cited therein. 
By a solution of equation (1) we mean a sequence {xn} which is defined for n > -k  and 
which satisfies equation (1) for n > 0. A solution (Xn} of equation (1) is said to be oscillatory 
if the terms Xn of the solution are not eventually positive or eventually negative. Otherwise, the 
solution is called nonoscillatory. 
Erbe and Zhang [2] first proved that all solutions of equation (1) oscillate if 
k 
lim sup ~ p~_~ > 1 (2) 
n---*oo i=0 
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or  
k k 
limn._.,ooinf pn > (k+ 1) k+l" (3) 
Later, condition (3) was improved by Ladas, Philos and Sficas [6], to 
liminf E Pn-i > (4) 
n- - -~OO 
i=1  
Condition (2) and (4) have been extensively exploited in the study of the oscillation of various 
difference quations. See, for example, [3,4,6] and the references cited therein. 
There are several papers related to the improvement of condition (4). See [8-10]. In a different 
direction, Stavroulakis [7] considered the case when none of conditions (2) and (4) is satisfied 
and proved that all solutions of equation (1) oscillate if 
k 
lim inf E P~-~ > M > 0 
n ---* (X) 
i=1  
and 
lim sup p~ > 1 - . (5) 
n- - -~ OO 
In this paper, new sufficient conditions for the oscillation of all solutions of equation (1) are 
established. These conditions concern the case when none of conditions (2)-(5) is satisfied. As 
an application of our results to a class of differential equations with piecewise constant argument 
considered by Aftabizadeh, Wiener and Xu [11], a sufficient condition in [11] is improved. 
In the following, for convenience, we will assume that inequalities about values of sequences 
are satisfied eventually for all large n. 
2. MAIN  RESULTS 
THEOREM 1. Assume that there exists some positive integer l such that 
lim sup Pn-i if- Pn-i+j q- E Pn- jk- i  > 1. (6)  
n---*oo i=0 i=0 j= l  m=0 i=1 j=0 
Then a11 solutions of equation (1) oscillate. 
PROOF. Suppose to the contrary that equation (1) has an eventually positive solution {xn}. 
By (1), we have 
Xn-i -~  Xn-i+l q- Pn- iXn-k- i ,  i = 1, 2 , . . . ,  k. 
Summing both sides of the above equality from i -- 1 to i = k yields 
k 
Xn-k = Xn + E Pn- iXn-k- i .  (7) 
i=1 
From (1), for any positive integer j, we have 
Xn_k_ j -~ Xn_k_j+ 1 q-Pn_k_jXn_k_j_k. 
Substituting (8) for j = i into (7), we have 
k k 
Xn-k = Xn + ~_~ Pn- iXn-k- i+l  + ~.~ Pn- iPn-k- iXn- i -2k.  
i~ l  1=1 
(8) 
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Substituting (8) for j = i + k into the last equality, we have 
k k k 
Xn-k = Xn + ~_~ Pn-iXn-k-i+l + )_~ Pn-iPn-k-iXn-2k-i+l + } "~ Pn-iPn-k-iPn-2k-iXn-i-3k. 
i=1 i= l  i=1 
Following this iterative procedure, by induction, we obtain 
k k 
Xn_ k = X n ÷ ~ Pn- iXn-k- i+ 1 ÷ ~_~ Pn- iPn-k- iXn-2k- i+ 1 
i=1 i=1 
k 
÷ ~_~ Pn- iPn-k- iPn-2k- iXn-3k- i+l  
I 
+ 
i= i  
k 
÷ ~ Pn- iPn-k- i  " " "Pn-lk-iXn-(l+l)k-i+l 
i=1 
k 
+ ~ Pn- iPn-k- i  " " "Pn-(l+l)k-iXn-i-(l+2)k • 
i=1 
Removing the last term of the last equality, we have 
k l-1 k m+l  
xo-k>_xo÷E o- xo-k-,÷l÷ E II 
i=1 m=O i=1 j=O 
From (1), we have 
Xn+j+ 1 - -  Xn+ 5 ÷ Pn+jXn+j_k  = 0,  j = 0, 1, 2 , . . . ,  k - 1. 
Summing both sides of the last equality from j = 0 to j = k - 1, we have 
k-1  
X n = Xn+ k ÷ ~ " Pn+jXn+j-k. 
j=0  
Since {xn} is eventually decreasing, it follows that 
Xn > ~ Pn+SXn+j-k >-- Pn+5 Xn-1, 
5=0 \5=o 
and so 
From (1), we have 
(9) 
(10) 
(li) 
Xn = Xn+l  ÷ pnXn-k. (13) 
Substituting (13) into (9), then using (12) and the fact that {xn} is eventually decreasing, we 
have 
Xn-k >_ ~ Pn-i+j Xn-k ÷ pnXn--k ÷ Pn-iXn-k + ~ Xn--(rn+2)k Pn- jk - i  
i=0 j= l  i=1 rn=0 i=1 j=O 
= Pn--i Xn-k ÷ ~ Pn-i-Fj Xn-k ÷ ~ Xn-(m-F2)k ~ I I  Pn- jk- i .  
i=0  i=0 j=l m=0 i=l j=0  
Substituting Zn_(m+2)k  ~ Xn-k  into the last inequality, we obtain 
xo_k>_ pn-,÷II po-, 5÷ E E II  o-Jk-  xo_  
i=0 i=0 j= l  rn=0 i=1 j=0 
Dividing both sides of the last inequality by Xn_k ,  then taking the limit superior as n --* oo, we 
are led to a contradiction. The proof is complete. 
j=l i=O j=l ,] 
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THEOREM 2. Assume that there exists some positive integer l such that 
{~ k k l -1 k m+l  } 
limsup Pn- /+HEPn- i+ J+ E E H P,~-jk-i 
n-~oo i=1 i=1 j= l  m=O i=1 j=O 
> 1. (14) 
Then all solutions of equation (1) oscillate. 
PROOF. As in the proof of Theorem 1, we have that (9) and (11) hold. From (11), we have 
Xn > E Pn-/+j X,-k. (15) 
/=1 j= l  
Substituting (15) into (9) and using the fact that {xn} is eventually decreasing, we obtain 
/=1 /=1 j= l  m:0  /=1 j=0 
Xn-k. (16) 
Dividing both sides of the last inequality by x~-k, and then taking the limit superior as n --* oc, 
we are led to a contradiction with (14). The proof is complete. 
REMARK 1. It should be noted that condition (6) is an obvious improvement of condition (2). 
On the other hand, it should be emphasized that condition (14) is different from condition (6) 
when k > 1. 
From Theorem 1 and Theorem 2, we derive the following corollaries. 
COROLLARY 1. Assume that 
k 
limsup E Pn-i > 1 - a k+l k]~2 
1 -# '  n--*oo i=O 
(17) 
where 
k 
a = liminf E Pn-i, ~3 = liminf pn. 
~"-~ OO 7%-'-~ OO 
i=1 
Then all solutions of equation (1) oscillate. 
COROLLARY 2. Let a and ~ be as in Corollary 1. Assume that 
k 
lim sup E P,~-i > 1 - a k k~32 
n-~oo i=l 1 -- ~ '  (18) 
Then all solutions of equation (1) oscillate. 
We give only the proof of Corollary 1. The proof of Corollary 2 can be given similarly and is 
omitted. 
PROOF OF COROLLARY 1. If a > kk+l/(k + 1) k+l, then, by (4), all solutions of (1) oscillate. 
Observe that ~3 <_ a/k. Thus, we will assume that 0 < a/k <_ kk+l/(k + 1) k+l. If ~3 = a = 0, 
by (2), all solutions of (1) oscillate. If j3 = 0, a > 0, then condition (17) reduces to 
k 
limsup E Pn-i > 1 - oL k+l.  (19) 
n -"'> ~ i=O 
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k For some sufficiently small e E (0, a) we have E i=I  Pn- i  >- a - ~ and 
k 
l imsup E Pn- i  > 1 - (a  - ~)k+l .  (20) 
n--*oo i=0 
Thus, we have 
k k 
l~  E Pn- i+ j  )-- (0~ -- E)k+i .  
i=0 j= l  
This, in view of (20), implies that (6) holds. By Theorem 1, all solutions of equation (1) oscillate. 
We now consider the case when f~ > 0. By Theorem 1, it suffices to prove that condition (17) 
implies condition (6). From (17), it follows that, for some sufficiently small ~ E (0,/~) we have 
k 
l imsup E Pn- i  > 1 - (a  - ¢ )k+l  k (~ - ~)2 (21) 
1 - ( f l  - ~)" n--*oo i=0 
The last inequality, in view of the fact that (fl - g )m ~ 0 as m -~ co, implies that for some 
sufficiently large positive integer l
k 
lim sup E Pn- i  > 1 - (a  - £)kq-1 _ k(]~ - E)2 {1 -- (f~ -- e)l} 
1 - (~ - e) n--*oo i=0 
= 1 - (a -  ~)k+l _ k(/~- ~)2 {1 + ( f l -  ~1 + ( f l -  ~12 +. . .  + (~_  a l l - i} .  
This leads to (6) because 
k k l -1  k m+l  
II E o-i÷J + E E II 
i=0 j= l  m=O i=1 j=0  
Pn- jk - i  >-- (C~ -- E) kT1 -]- ]g(~ -- E)2 _{_ . . . _]_ k (~ - c ) /+1.  
The proof is complete. 
EXAMPLE. Consider the equation 
Xn+l  - -Xn- '} -PnXn-2  =0,  n = 0,1,2 , . . . ,  (22) 
where 
1 
P2n = -~ , 
It is easy to see that 
1 53 nTr 
P2n+l  = ~ q- ~ S in2 -~- ,  n- -  0 ,1 ,2 , . . . .  
2 
/~----liminfpn=l'n-*oo (~- - - - l im in fEPn- i=~ ' n - - , ~  
i=1 
2 1 53 1 53 a 2 
limsup E P"-i  = 3 + ~ < 1, limsup p~ -- ~ + ~-~ < 1 - 5-  r~ ---~ OO i~0 n--~(X) 
Thus, none of the conditions (2)-(5) is satisfied. However, it is easy to see that 
2 
lim sup E Pn- i  > 1 - ol 3 ncgz/.)2 
1 -~ '  rl---}oc~ i=0 
and so (17) is satisfied. By Corollary 1, all solutions of (22) oscillate. 
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In the following, we consider an application of our results to the differential equations with 
piecewise constant arguments of the form 
y'(t) + a(t)y(t) + b(t)y([t - 1]) = 0, t _> 0, (23) 
where a(t) and b(t) are continuous functions on [-1,cc),b(t)  _> 0 for t :> 0, and [-] denotes the 
greatest integer function. 
As is customary, a nontrivial solution of equation (23) is said to be oscillatory if it has arbitrarily 
large zeros; otherwise it is said to be nonoscillatory. 
In [11], Aftabizadeh, Wiener and Xu studied the oscillation of equation (23) and proved that 
all solutions oscillate if 
f ( f )  l imsup b(t) exp a(s) ds dt > 1. (24) n--*c~ -1 -2  
By appling Theorem 2 to equation (23), we can establish the following result which improves 
condition (24). 
COROLLARY 3. Assume that there exists some positive integer I such that 
l imsup b(t) exp a(s) ds dt 
n---*cx) --1 
b(t) exp a(s) ds dt > 1. (25) 
~- E 1-I --j--1 --j--2 m=O j=0 
Then ali solutions of equation (23) oscillate. 
PROOF. Assume that equation (23) has an eventually positive solution y(t). Then, as in [11], for 
n = 0, 1, 2 , . . . ,  in the interval n < t < n + 1, y(t) satisfies 
y'(t) + a(t)y(t) + b(t)An-1 = 0, n _< t < n+ 1, (26) 
where we use the notation An = y(n) for n = -1,  0, 1 , . . . .  Equation (26) can be rewritten as 
( ( f ) ) '  ( f )  y(t) exp a(s) ds + b(t) exp a(s) ds An-1 = O, n <_ t < n + 1. 
Taking integral from n to t, n <_ t < n + 1, we have 
y(t)exp ( In  t a (u )du) -An+ ( In  t b(s)exp ( /n  s a(u)du)ds )An-1  = 0. (27) 
Set for n = 0,1, . . .  
(//+') F ( f )  Pn = exp a(t) dt , Q~ = b(t) exp a(s) ds dt. (28) J?Pt  
In (27), letting t --* n + 1 and by continuity (cf. [11]), we have 
PnAn+l - An + QnAn-1 = 0, n = 0 ,1 ,2 , . . . .  (29) 
n--1 Set B~ = AN I-[j=1 PJ for n > 1. Then, {B,~} is eventually positive and satisfies 
Bn+l - B~ + Q~P~-IBn-1 = 0. (30) 
On the other hand, by Theorem 2, we see that condition (25) implies that all solutions of the 
difference quation 
xn+l - x,~ + QnP~- lx , -1  = 0 
oscillate. This contradiction completes the proof. 
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